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PERFORMANCE  BOUNOS  ON  SPREAD  SPECTRUM  MULTIPLE  ACCESS  COMMUNICATION  SYSTEMS 
By  RUNG  YAO 


Summary.  -Several  approaches  for  the  evaluation  of  upper  and  lower 
hounds  on  error  probability  of  spread  spectrua  Multiple  access  communica- 
tion eyatena  are  presented.  These  bounds  are  obtained  by  utilising  an  lso- 
aorphlsa  theorem  In  the  theory  of  moment  spaces.  From  this  theorem,  we 
generate  closed,  compact,  and  convex  bodies,  where  one  of  the  coordinates 
represents  error  probability,  while  the  other  coordinate  represents  a gen- 
eralised moment  of  the  multiple  access  Interference  random  variable.  Deri- 
vations for  the  second  moment,  fourth  moment,  single  exponential  moment, 
and  multiple  exponential  moment  are  given  In  terms  of  the  partial  cross 
correlations  of  the  codes  used  In  the  system. 

Introduction.  -Spread  spectrua  multiple  access  technique  Is  of  use  In 
n multi-user  computer  communication  network  system  (1]  as  well  as  in  a 
more  conventional  satellite  comomnlcatlon  system  with  a single  wlde-band 
repeater  |2).  In  such  situations,  a code  modulation  spread  spectrum  multi- 
ple access  (SSMA)  system  is  considered  suitable  for  a network  of  low-cost 
mobile  ground  based  and  alrbourned  users  requiring  no  network  control.  In 
any  case,  for  this  and  related  SSMA  systems,  the  exact  evaluation  of  error 
probability  has  been  considered  e formidable  task.  Error  probability 
obtained  by  complete  simulation  of  such  systems  may  Involve  considerable 
computational  cost. 

In  this  paper,  we  present  several  approaches  based  on  the  tlmory  of 
semen t spaces  to  obtain  upper  and  lower  bounds  on  the  error  probability  of 
a SSMA  system.  As  expected,  bounds  that  uae  momenta  that  raqulrc  more 
camputeclonel  effort  ere  generally  tighter  than  thoaa  that  raqulra  lesa. 

Aa  to  be  aeon,  the  second  moment,  fourth  moment,  tingle  exponential  moment, 
and  multiple  exponential  moment  require  Increasing  computational  effort. 
Indeed,  by  taking  a sufficiently  large  number  of  terns  In  the  multiple  expo- 
nential moment  case,  we  can  asks  tbs  upper  and  lower  bounds  arbitrarily 
tight. 


SSMA  Model.  -There  are  various  forms  of  SSMA  communications  systems. 

In  e direct  code  modulation  SSMA  system,  the  date  stream  of  each  user  modu- 
lates a ahlft-ragiater  (SR)  generated  sequence  code  to  obtain  the  spread 
spectrum  affect.  The  multiple  accaas  capability  Is  achieved  by  requiring 
each  user's  coda  word  to  be  near  orthogonal.  In  this  paper,  we  shall  only 
consider  the  model  of  on  asynchronous  SSKA  systen  as  dlecussed  In  [3]. 

Thus,  ve  allow  the  time  delay's  Tj  and  phase  anglee  0t  of  differ- 
ent users  to  be  r.v.'e.  The  Input  to  each  receiver  consists  of  the  tin  of 
ell  K users'  aignals  and  additive  white  Gaussian  nolae.  Each  receiver 
consists  of  a Hatched  filter  eatched  to  its  corresponding  code  word.  With- 
out loos  of  generality,  wc  consider  the  first  receiver.  Then  we  assume  It 
is  completely  synchronised  to  Its  own  code  word.  Thus,  Oj  ■ Tj  • 0 . But 
and  1],.,.,^  ere  Independent  and  uniformly  distributed  r.v.'e. 
Thus,  the  output  of  the  mulched  filter  of  the  let  receiver  is  given  by 

Thin  work  was  supported  In  part  by  OMB  Contract  N0014-> 3-C-0528  under  Teak 
NR -042 -2 13  and  by  the  Electronics  Progran  of  ONR. 
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■A  •‘(t)b1(c)dt 

/c  K T 

\ l / •1(t-t1)b1(t-T1)«1(t)dtco.e1 

T 

+ f »(t)ij(t)c#iwctit  ■ 1*^0  ♦ Z4n  . 


Dm  first  tsni  of  y represents  the  deslrod  signal,  the  second  tern,  Z 
represents  the  Interference  fron  the  other  (K-l)  users,  end  the  last 
tern,  n , Is  s Gaussian  r.v.  of  sero-neen  and  variance  o*  . All  users 
era  asstnad  to  have  equal  power  P . Here  the  Information  data  of  the 
1-th  user  Is  defined  by 


V*>  - l bl,nPT(t-nT)  • 

n--*° 

there  the  be  «'s  are  l.l.d.  r.v. 's  taking  values  +1  and  -1  with 

probability,  and  P_(*)  Is  a unit  height  rectangular  window  fron  0 
to  T . The  code  wavefori  Is  defined  by 


a.(t)  - Z a (i)?T  Ct-3Te)  . 

1 j—  3 e 

ebsre  is  the  SR  code  sequence  of  the  1-th  user  and  consists  of  +1 

and  -X  which  Is  periodic  with  period  p and  of  chip  length  Tc  . 

low,  consider  the  error  probability  of  the  first  user,  assuming  all 
K user’s  code  words  have  been  specified.  Denote  this  error  probability 
by  Ps  . Then 

p - i Pr{h+Z+n<0>  ♦ ^ Pr{-h+Z-K»0> 
e 2 2 

• <2*> 

• «*>£¥-)>  • <a> 

where 

Q(n)  - (2W)"**  / exp(-tl/2)dt  . 
x 

p in  (2e)  or  (2b)  Is  expreesad  as  a generalised  moment  where  the  expec- 
tation operation,  E , Is  taken  over  all  the  r.v.'s  tj  , bj,_i  , bj,j  , 
mi  #1  In  Z . As  to  be  seen,  depending  on  specific  cases,  sometimes  we 
prefer  to  use  \ given  by  (2s),  while  other  times  we  prefer  to  use  P« 
given  by  (2b).  In  general,  since  Z la  extremely  complicated.  It  Is  not 
poeslbla  to  svaluate  this  moment  analytically.  However,  suppose  It  Is  pos- 
sible to  evaluate  some  other  moments  of  Z . Then  if  ws  can  find  rela- 
tionships ar — | the  moments  defined  by  and  other  moments  that  we  can 
evaluate  readily,  then  we  emt  obtain  Information  about  the  error  proba- 
bility. In  the  next  section,  we  shall  state  an  Isomorphism  theorem  from 
the  theory  of  moment  spaces  that  shall  yield  a precise  geometric  interpre- 
tation of  this  concept. 


SIS 


WwMt  Smm  Error  Bound*.  -The  following  theorew  which  wan  originally 
developed  In  the  theory  of  garnet,  ahall  provide  relationahlpa  swong  arbi- 
trary woweo ts  of  a randoa  variable. 

l>at  Z be  a r endow  variable  with  a probability  dlatrlbutlon  function 
Gj(i)  defined  over  a finite  cloeed  Interval  I ■ (a,b)  . Let 

a aet  of  N continuous  functions  defined  on  I 
the  ran  dost  variable  Z . Induced  by  the  function 


ez{k1(t)},  1-1 n O) 

space  aa 
n k 

c *"|w1  - / k1(s)dGz(s)  , 1 - 1 H) 

where  C*  ranges  over  the  set  of  probsblllty  distributions  defined  on 
1 - la,b]  and  Ik11  denotes  N-dlwenslonal  Euclidean  space.  Then  Uf  la  a 
closed , bounded , aid  convex  eat . Bow  let  9 be  the  curve  r - (rj,... ,rN) 
traced  out  In  n”  by  rt  - kjl*)  for  * In  1 . Let  Jt  be  the  convex 
boll  of  9 . Then 


ki(a),k2(e) kg(a)  be 

The  generalised  sonant  of 
M«)  la 

«1  • / kjUldCjft)  - 
Ms  denote  the  K-th  wowant 


^df-  {w  - (w,,...,a^) 


Jt  - *4f  . 


<*> 


This  theorew  has  been  used  In  [4]  to  bound  P,  encountered  In  Inter- 
eywbol  Interference  p rob laws  with  N - 2 . In  order  to  explain  the  appli- 
cation of  this  theorew  In  obtaining  f(  bounds,  consider  a plot  of  k2(x) 
vorcue  k,(s)  . Bow,  we  take  k2(t)  to  be  th-  expression  Inside  the 
curly  bracket  given  either  by  <2a)  or  (>b).  Thus,  w2  - E{k2(s)>  - pe  . 

Ms  shall  consider  several  different  k2(t)  . In  any  caae,  k2(s>  will  be 
chooan  such  that,  wj  • E{kj (s) } la  evaluable.  When  we  plot  specific 
kj(l)  versus  k2(s)  , the  curve  9 typically  turns  out  to  be  given  by 

parts  of  the  curve  shewn  in  Figure  1.  The  curve  In  Figure  1 consists  of 

several  a actions  chat  are  convex  U or  n functions.  Let  the  points 
C(  I , C , I,  etc.  be  polnta  of  Infection  of  the  curve.  Then  curve 
ABC  la  convex  \j  , COB  la  convex  ft  , EFC  la  convex  U , GUI  la 
convex  ft  , etc.  Suppose  a plot  of  k2(x)  versus  k2(z)  yields  the 
curve  V given  by  ABB'  . Then  the  upper  envelope  of  this  body  Jt  , is 
given  by  the  straight  line  AB'  , while  Che  lower  body  it  given  Just  by 
ABB'  . Thus,  f row  the  above  theorsn  and  (A),  wa  can  obtain  upper  end 
lesser  bounds  on  F«  . Suppose  B{k2(s>)  yields  a number  n2  (which  has 

to  be  leas  or  equal  to  k1(tB<)  ) . Than  the  lower  bound  le  given  by 

- k2 (ki~* (uj) ) while  the  upper  bound  le  given  by  - kj(>A>  + 

(»X  - h2(*A)J  « (tk2(agO  - k2(sA))/(h2(sg')  - k2(cA))}  . Bare,  we  used 
the  notatloo  of  A - (k,(zA),  k2(s.))  , »■  <k,(*B)  , k2(«B))  , ate. 

Bow,  suppose  a different  k2(s)  versus  h2(t)  yields  e curve  9 
given  by  ABCD  . Thus , parts  of  9 la  convex  u while  parte  of  9 le 
eowvex  ft  , Than  tha  flrat  part  of  tha  upper  envelope  of  J T , le  given 
by  tha  atralght  line  AC'  , while  the  second  part  la  given  by  the  curve 
C'O  . Tha  point  C’  la  defined  by  equating  tha  slope  of  tha  chord  AC 
to  tho  derivation  of  tha  curve  V at  c'  . That  la. 


*,<•«’>  ’ k2(tA)  ki<V> 

k!<v>  - W ' • 

Ms  note,  a lace  k2(a)  , k$<t)  , kj<£)  , k|(s) 


(3) 


B 


319 


are  known 


ve  emn  •olv*  for  tc*  in  (3)  saslly  by  using  ®ny  tingle  root  solution 
technique  (i.o.  Newton  mt  hod , RtguU  Falsi  Method,  etc.).  Thus,  if 
ki (ti)  SijS  • **  h,v*  *•  , “ k*(,A)  * ' kl(,Ai)/ 

k2(*A)?/JM»c'>  - M*c))>  • 11  ki<*c*>  Vi  l(V  * r 

hava  P.<°>  - k,?k,-I(«i))  . Bp  lUll.r  irtUNnU,  ths  lower  envelope  of 
_ r_  sen"  and  the  etrelght  line  B’’D  . The  point 


j X , te  glven‘by*tha  curve  ABB' 

B”  or  ZB>i  can  be  obtained  froa 

k2(<D)  - k2^*B"^  k2^*B"^ 

Thua , If  ki(i,)  * »i  < ki(*a")  » w* 

- ' ‘ - • (*„$  , — h-»«  P tL)  - 


k2<kjl(*i)) 


■ k2^*B"^  + ^*1 


(6) 

If 

^(*8"))  * 


k,  (*...)  S a,  s ki(*D)  , «»>«>  we  h“ve  Pel 

(tk2(*n)  - (kl(*D^  " kl(*B")^  _ 

Another  Interesting  situation  la  when  V la  given  by  or  contain,  the 

curve  CDEFCHI  . Than  the  upper  envelope  la  given  by  the  curve  CD'  , the 
straight  line  D'H  and  the  curve  HI  . In  particular,  the  polnta  O'  (or 
eg'  ) and  II  (or  sB  ) are  obtained  froa 


k2(*H)  ~ k2(lD) 

kjta^J  - kj(aD) 


S<V  . W 
ki(v  kIT;?  * 


(7) 


Proa  (7),  we  can  try  to  obtain  the  two  unknowne  tD  and  rH  froa  two 
non-linear  equations.  In  practice,  becauae  of  the  local  convex  \j  pro- 
pertiaa  of  the  curve  near  O'  and  H , we  can  uae  iterative  aolutlon 
approach  to  find  *D  and  quite  readily.  Thua.  for  k, (r)  « »l  * 

kWsp*)  , T«<u>  “ k2<hIMni))  , tor  ki(zV')  S.i«  kl(*H>  . V ’ * 

ky(sn')  + (■!  - ki  (*!>•))  "JUk2<*H>  " k2(*D' >>/ (kl(*H>  ~ kl(*D')»»  > for 

k,  (an)  i a,  * ki  (a  j)  , . k2(kx1(ai>)  . Tlw  evaluation  of  lower 

envelopes  and  lower  error  bounds  are  alailar  aa  that  for  upper  envelopea 
and  upper  error  bounds. 

Proa  all  the  above  discussions,  it  is  clear  that  given  any  k2(a)  and 
k,  (a)  , explicit  evaluation  of  upper  and  lower  error  bounds  are  possible 
as  soon  as  the  aeaent  nx  - E{kj(Z)}  and  the  doaaln  of  s are  available. 

Bvaluatlon  of  Haaanta  and  Haxlnua  Distortion.  -How,  we  ccaslder  the 
explicit  evaluations  of  several  different  aoaente  ax  - Eth^/Z)}  as  well 
as  the  aaxlaua  distortion  0 . 2 ...» 

In  order  to  use  a*  ■ l(Z^)  , lot  k,(t)  - * and  k2(t)  ha  glvsn 
by  sxprsssion  (2a).  Then  the  donaln  of  fcj.(s)  is  (0,01  , whan  0 - Max  Z . 
froa  ths  dsflnitlon  of  ths  r.v.  Z in  (1)#  it  is  clsar  thst  E12)  • 0 . 
Proa  (Xf)  of  (3),  it  is  eaan  that  for  fixad  bl>0  , 


PT3 

- E(t2l  - jg 


! 

1-2 


(8) 


whera 


TiJ 


8-1 

• z 

n-0 


{pl)(B>+plj<B,f>lj(,,+1)+Plj  (B+1>+PiJ  (n)+eil  (n)eij <n+1) 


+ (n+l>)  , 


Pij(B) 


? .“>  .«> 


n-0 


ai-n  ■ 


(B) 

(10) 
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The  period  of  the  codes  Is  denoted  by  p end  N « T/Tc  Is  assuaed  to  be 
an  Integral  Multiple  of  p . 

Mow,  consider  the  evaluation  of  D defined  as  the  aaxlaua  value  of 
the  r.v.  Z , where  the  naxlalzatlon  is  considered  over  6^  , Tj  , 

*1  , and  b ^ . After  sane  algebra.  It  con  be  seen  that 


(12) 


Thus,  a,  and  D can  be  readily  evaluated  and  depend  on  the  partial  cross 
correlations  (given  by  (10)  and  (11))  of  the  code  words  chosen  by  the  K 
oners.  4 4 

In  order  to  use  a^  «•  E(Z  ) , let  ki  (z)  - z and  k2(t)  be  given 
by  expression  (2a).  Then  the  dona In  of  k^(r)  Is  also  (0,D]  . in  order  to 
evaluate  nj  - E(Z*1  , let 


T 

*t  ■ / a1(t-T1)b1(t-T1)a1(t)dtcosei  - ctcos61  , (13) 

Then 

B[Z4]  - (j)?E(  l O*  - (|)2(  l E[*j)  + 6^  E[z2] 

2 1-2  1 2 1-2  1 1-2  1 

? v 

1 1 . (n> 

j-1+1  3 

Bars,  each  Z[z3)  Is  In  the  fora  of  (8)  and  can  be  evaluated  by  using 
(8)  - (11).  How, 

H— 1 T 

Eta*]  - E(cos*8j]E[c^]  - (|)(i)J^  / C<Ra(X4oT.)+R*1(X-HiTc) 

+ 6R|l(X+nTc)R21(X-»nTc))dX  . (15) 

Furthernore , 


ta(X4nTc) 

Su(X+nTc) 


A T +B  X 
a c n 


A T +i  X 
n c n 


(16) 


riut* 


An  * pll(n)  • Bn  " P1l(D+1)"P1l(n) 

*n  " , •„  “ &11(n+l)-PJ1(n) 

By  using  (16)  and  (17),  each  E(z|)  Is  given  by 


(17) 


Eltjl 


/^|\,lJ1{(A4iA*)+2(A3»  +A3B  )+2(A2B2+A2§2)+(A  B3+A  B3) 
y 8T I ~ q nn  nnnn  nnnn  nnnn 
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(UMaHhBfaV-'V.'Sn.  • 


(IB) 


1 4 a4  2-2  ~2  ^ a 2 2-2  —2  2 — — 

♦ (“)(B%B  )H(A  A>A  B A 44  B A^)+2(A  B +A  B>4A  BAB) 

5 n n on  non  n n n nn  an  nnnn 

♦3 (A  B fc2+A  B B2)+(£)B2B2}  . 
non  n n n 3 n n 

Thun,  uck  tent  In  (14)  for  n^  can  be  evaluated. 

In  order  to  use  i»i  » E{exp I c (h+7.) ) ) , let  k^(z)  • explc (h+Z) ) and 
l](i)  be  given  by  expression  (2b),  Then  the  domain  of  k (x)  Is  |b-B,h+0]  , 
From  the  definition  of  Z In  (1),  we  have  1 

R T. 

»i  “ exp(ch)  » E <exp((c  cos©  )(b  * / a. (t-T .)s, (t)dt 

1-2  VVbl.-l'bi.O  1 1*'1  0 1 11 

T 

♦ b10  * J •1(t-t1)a1(t)dt)J)  (19) 

T1 

Thus,  we  need  to  consider  the  evaluetlon  of  the  expreselon 

S r b b { * } 
for  each  Kill. 

**i,Ti,bl,-l,bl,0{  * * " E6i.T1{eXpfc  co,ei)<Rii(Ti)+*u(Ti))1 

♦ expf (c  cos01)(R11(T1)-B11(T1)))+exp((c  cos01)(-R11(T1)4»11(T1))) 

4 cxp[  (c  cosOl)(-Rli(T1)-R11(T1))J}/4 

N-l  T.  „ 

- (l/4T)Ee  l I (exp((c  cos01)((An4AB)4(BB4BB)X)J 

1 n*0  0 

♦ exp[  (c  cos01)((A#-AB)4(BB-B|i)X)J+exp[(c  coaOj) ((-Ab+Ab) 

♦ (-B  +8  )X)]+exp((c  cos6  ) ((-A  -A  )♦(-»  -B  )X)])dX  , (20) 

B B l n n n n 

where  »«(•)  and  Rti(*)  are  given  bp  (16)  and  A„  , B„  , A„  , and 
In  are  given  bp  (17).  After  performing  the  integration  In  (20),  we  have 

**l,Tl,kl,-l,bi,0^  * * “ (l/WDRg  I ^ ^(lexp(aj  '(n)co#B1 

- exp(||,)  (njcosO^J/fa (n)-e{*)  (n)  JcoeOj) 


oJl>(n)  - cTe(p11(efl)4#ll(n4l»  - -a<4)(n> 
aj2)(n)  - cTc(pll(n41)-0il(n41))  - -a<S)(n> 


0*3)(n)  - cTc(pn(n)  + “ “6i4)(n) 

e{2)(o)  - cTe(Pll(n)  - 0u(n»  - -0<3)  (a)  . (22) 

hoa  an  Integral  representation  of  IqU)  given  by  (8.431.1)  In  (5),  ve 
obtain 

tt  J lot*)*1*  ■ 2 / (leep(ht)-e*p($t)]/t(l-t2)Sdt 
B -2 

2a 

■ J ([exp(acos8)-exp(8coe8))/cos8}dt  (23) 

0 

Thus , substituting  (23)  In  (21)  and  noting  I0(s)  la  an  even  function, 

11*1  2 

L . . ( • > - (1/2*)  I I ll/(aj“>(n)-ej")(n))  * 

®l,1l,”l,-l*”i,0  n-0  n-1 


«<■><.> 


l0(«)d* 


Thus,  substituting  (24)  In  (19).  we  obtain  the  single  exponential  naaent, 

s,(c)  - esp(ch)  w {(1/2*)  *1  I {l/(njB)(n)-e{B)(n»l  « 

1 1-2  n-0  n-1 


B^OO 


l0(*)ds) 


* 

Share  ai")(n)  and  ^ (n)  ara  defined  In  (22).  These  expressions  are 
given  Interne  of  the  partial  croas  correlations  of  the  codes,  pu(n) 
and  0M(n)  . defined  in  (10)  and  (11). 

Finally,  let 

J 

k.  (s)  - l d,exp{c, (h+*)J  , (2») 

1 j-1  3 J 

Share  d<  and  c*  are  real -valued  nunbere,  and  k2(a)  be  given  by  expres- 
sion (2b),  then  the  Multiple  exponential  nonent  Is  given  by 

i • iw  • 

Shore  *i(cj)  le  given  by  (23)  vith  c - cj  . 

Conclusions.  -In  the  previous  section,  ne  derived  the  second  nonent, 
fourth  noamt , single  exponential  nonsnt , and  nultlple  exponential  nonent 
for  the  spread  spectrun  nultlple  access  systen.  These  nonents  are  given 
la  (8),  (14),  (23),  and  (27).  respectively.  Clearly,  the  conputatlonal 
efforts  involved  in  evaluating  these  nonents  are  of  increasing  order.  How- 
ever, la  general,  ve  can  show  the  resulting  upper  and  lower  error  bounds 
becose  tighter.  In  the  last  two  casee,  we  aseuna  the  parsnatere  e , ej  , 


and  dj  In  (2S)  and  (27)  ara  aalectad  appropriately. 

There  are  eaveral  approachee  In  obtaining  explicit  moment  apace  error 
bounda.  From  our  earlier  dlecuaalone,  it  Is  clear  that  by  plotting  k2(r) 
veraua  kj(>)  graphically  and  then  finding  lta  convex  hull,  ve  can  obtain 
the  upper  and  lover  error  bound  Immediately.  Indeed,  ve  have  ueed  computer- 
controlled  plotter  and  obtained  aatlafactory  bounda.  Furthermore,  thla 
approach  la  applicable  to  any  k2(x)  and  k2(z)  function*.  An  alterna- 
tive approach  le  clearly  the  uae  of  analytical  aolutlon  to  the  upper  and 
lover  envelopes  of  the  convex  body.  Bounda  based  on  the  second  moment  are 
discussed  and  given  In  [A],  (7],  and  (8).  Similar  arguments  In  (A]  and 
(6)  lead  to  bounds  baaed  on  the  fourth  moment.  Various  possible  error 
bounds  and  associated  regions  of  c for  the  single  exponential  moment  are 
given  In  (A).  In  pertlcular,  the  selection  of  the  optimum  values  of  c 
for  the  upper  and  the  lover  bounds  are  treated.  Finally,  for  systems  vlth 
large  maximum  distortion  D , the  range  of  possible  values  of  kj(i)  la 
larga.  In  order  to  obtain  tight  error  bounda,  k^(t)  must  approximate 
k2(x)  closely.  In  (26),  by  using  large  numbers  of  terms  J vlth  proper 
dj  and  Cj'e  , ve  can  make  k2(x)  close  to  k2(x)  . Unfortunately,  the 
explicit  solution  of  thla  approximation  problem  for  dj  and  Cj  vlth 
finite  J la  unknovn  for  Chebychev  norm  (8).  From  an  efficiency  point  of 
vlev  for  a fixed  J , this  norm  Is  tha  moat  appropriate  one  to  use  for 
minimising  the  distance  betveen  the  upper  and  lover  envelopee.  Hovever, 

In  Lg  norm.  It  la  aaay  to  select  a eat  of  Ci'i  such  that  k2(s)  con- 
verges to  k2(z)  as  J becomes  unbounded.  Then  k2(i)  can  approximate 
k2(s)  arbitrarily  veil  for  sums  finite  J . Thus,  the  associated  upper 
and  lover  bounds  using  sj  given  by  (27)  can  be  made  arbitrarily  tight 
for  earns  finite  J . 
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